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e BGWI (Bienaymé-Galton-Watson process with immigration) is described

by two generating functions f and g, where f corresponds to regeneration
and g corresponds to immigration.
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BGWI and CBI processes

e BGWI (Bienaymé-Galton-Watson process with immigration) is described
by two generating functions f and g, where f corresponds to regeneration
and g corresponds to immigration.

@ Under specific scalings (and possibly considering a sequence of processes)
BGWIs are known to converge to Continuous Branching processes with
immigration (CBI), see [Kawazu and Watanabe 1971].
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o In [Caballero, Pérez Garmendia, and Uribe Bravo 2013] it was shown that
a CBI process Z is a solution to a time-change equation:

t
Zi = X(/ sts) 1Y,
0
finite mean.

(1)
where Y is a subordinator and X is a spectrally positive Levy process with
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Consider the generating functions

varying at 0.

f(s):=s+¢c(1—5)°T"L(1—5) and g(s) :=1—d(1—s)*G(1 —s),
where ¢, d > 0 and « € (0,1] and L(z) ~ G(z) for £ — 0 and L is slowly
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varying at 0.

f(s):=s+¢c(1—5)°T"L(1—5) and g(s) :=1—d(1—s)*G(1 —s),
where ¢, d > 0 and « € (0,1] and L(z) ~ G(z) for £ — 0 and L is slowly

Note that the BGWI(f, g) is critical: f'(1) =1, and

(1) < oo iff ¢g'(1) < 0o iff a=1and G(0) < oo.
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Consider the generating functions

where ¢, d > 0 and « € (0,1] and L(z) ~ G(z) for £ — 0 and L is slowly
varying at 0.

f(s):=s+¢c(1—5)°T"L(1—5) and g(s) :=1—d(1—s)*G(1 —s),
Note that the BGWI(f, g) is critical: f'(1) =1, and

(1) < oo iff ¢g'(1) < 0o iff a=1and G(0) < oo.

Let o be a r.v. with a tail P(ne > x) ~ da™*G(z) as © — co. Then

g ~ Pois(n.) and f ~ Be(1/Pois(na)) - (Pois(na) +1).
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Denote by 5 the BGWI(f, g). Define b, by b5 ~ nL(1/b,) (as n — c0) and let
N 1
7 = p-s(lnt).

)
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The scaling limit

Denote by 5 the BGWI(f, g). Define b, by b5y ~ nL(1/b,) (as n — oo) and let
1

Zt(") =1

5(Int]). (2)

It holds that (in Skorokhod’s space)
ZM % Z n— oo,

where Z is an a-self-similar CBI: the regenerating and immigration mechanisms

are given by
R(q) = —cg®™! and F(q) = dq%;

or, equivalently, Z satisfies the time-change equation Z; = X(fg sts) +Y:
with Y being an a-stable subordinator and X being a 1 + a-stable spectrally
positive Levy process.
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The scaling limit

Denote by 5 the BGWI(f, g). Define b, by b5y ~ nL(1/b,) (as n — oo) and let
1

Zt(") =1

5([nt]). (2)
It holds that (in Skorokhod’s space)
ZM % Z n— oo,

where Z is an a-self-similar CBI: the regenerating and immigration mechanisms

are given by
R(q) = —cg®™! and F(q) = dq%;

or, equivalently, Z satisfies the time-change equation Z; = X(f(f sts) +Y:
with Y being an a-stable subordinator and X being a 1 + a-stable spectrally
positive Levy process.
We assume that J

6= v € (0,1). 3)
This assumption guarantees that 0 is a recurrent point of Z, [Foucart and
Uribe Bravo 2014].
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@ Yaglom limit: conditioning on non-extinction up till time u > 0.
© Durrett’s extension to the meander.
© Letting u — oco.

@ Recognising the h-transform of the original process
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Let do(w) denote the hitting time of 0 for w:

do(w) = inf{s > 0: w(s) = 0}.
Consider
. 1
nh_)n;oIF’(Eg(n) €A | do(3) > n) )
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Let do(w) denote the hitting time of 0 for w:

do(w) = inf{s > 0: w(s) = 0}.
Consider

. 1
nh_)n;oIF’(Eg(n) €A | do(3) >n

) .
‘Theorem (Yaglom limit, [Mijatovic, P, and Uribe Bravo 2025)
nli_)rr;oIE (exp (—)\%)

- (14 acA®)’
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Let do(w) denote the hitting time of 0 for w

do(w) == 1inf{s > 0: w(s) = 0}
Consider
lim P

e (blng(”) € 4| dots) > ")

Theorem (Yaglom limit, [Mijatovic, P., and Uribe Bravo 2025))
nli_)n;)E(exp( )\5( )> ’d 5)>n>—

1
(14 acA®)’
Compare to the similar limit for a BGW 3, [Slack 1968]
lim E

lim. <exp< ,\5( ) ‘d

—1_ ac)\® Yo
- 1+ ache ’
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Yaglom limit extension to the whole excursion, general case

Consider a Markov chain (v(k))r>0 on R and assume that
© Scaling limit: for (by), and z, := v(0)/b, — z, it holds
Zzn = v(n-) /by = Z7.
@ Enough mass beyond 0: for ¢,z > 0, P(infs<; Z*(¢) > 0) > 0.

© Convergence of hitting times of 0: ¢, — ¢ > 0 and 2, — 2z > 0, then
P(do(Z5") > tn) = P(do(Z7) > t).
Q Regularity of 0: ¢, — ¢ > 0 and z,, — 0, then P(do(Z:") > t,) — 0.

Theorem (**[Durrett 1978])

Assume 1-4 hold. Fixu > 0 and let ZS™™) == (Z° | do(Zn) > u). Then
© 33 > 0 such that P(do(Zn) > u) ~ n P L*(n) for a slowly varying L*;

(2} (Z,(l+’“)(s))se[0,u] converges weakly (in D[0, c0)) to an inhomogeneous
Markov process Z(+%).
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Define Ky, as Z57% (1) % K. By the self-similarlity of the limit, this will
satisfy K := u'/“k1. The transition density of Z(*'%) is given by:
fort >0

Po(Z2(t) € dy) = (u/t)’ P((t/u)"*Ku € dy) P (do(Z) > u —t);
fors<t<wuand z>0

P(Z5 () e dy | 27(s) = 2)

Cr (Ao ) BldD a0
TP\ do(2)>t—s ) P.(do(Z) >u—s)
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Consider Z{T™) .= (5([m])/bn | do(3) > nu). There exists an inhomogeneous
Markov process Z™%) such that

ZHwW B 7000 a5 n o co.
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Consider Z{T™) .= (5([m])/bn | do(3) > nu). There exists an inhomogeneous
Markov process Z™%) such that

ZHwW B 7000 a5 n o co.

Constant f is given by [Mijatovi¢, P., and Uribe Bravo 2025] and it is equal to
B:=1-9.
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Consider Z{T™) .= (5([m])/bn | do(3) > nu). There exists an inhomogeneous
Markov process Z™%) such that

ZHwW B 7000 a5 n o co.

Constant f is given by [Mijatovi¢, P., and Uribe Bravo 2025] and it is equal to
B:=1-9.
From Yaglom limit we find that k., is defined as

]Ee)\mu _ 1

(14 acur>)’
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Consider Z{T™) .= (5([m])/bn | do(3) > nu). There exists an inhomogeneous
Markov process Z™%) such that

ZHwW B 7000 a5 n o co.

B:=1-9.

Constant f is given by [Mijatovi¢, P., and Uribe Bravo 2025] and it is equal to
From Yaglom limit we find that k., is defined as

]Ee)\mu _ 1

(14 acur>)’
Define a random variable x as Ee ™% = (1 + A%)~'. Then

Po(Z2 (1) € dy) = (u/t)'~° P((act)/* k € dy) Py(do(Z) > u —t).
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Fors<t<wuand z>0
o0

lim P(Z (1) e dy | 255 (s) = 2)
u—

(B2 )

Py(do(Z) > u—1)
P (do(Z2) S u—3)
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Fors<t<wuand z>0
lim P(Z (1) e dy | 255 (s) = 2)
UuU—r 00

_ Z(t — s) € dy, . Py(do(Z) >u—t)
—PZ( d0(2) > s > i

u—oo P, (do(Z) > u — s) ’
Let A ~ Arcsin(d) ~ Beta(d,1 — §) and independent E ~ Exp(1). Then

do(z9) 22 E

ac A
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Fors<t<wuand z>0
lim P(Z (1) e dy | 255 (s) = 2)
UuU—r 00

o ((Zt—s9edy, \  Pyldo(2) >u—1)
=P < do(Z)>t—s >ulgrolo P.(do(Z) >u—3s)

Let A ~ Arcsin(d) ~ Beta(d,1 — §) and independent E ~ Exp(1l). Then

do(z9) 22 E

ac A
For h(z) = 2219 we have
I'l-—ow) h(z)
P.(do(Z) > u) TO)T (2 = 9) (acu) =% as u — 0.
Hence

P(ZH (1) € dy | Z (s) = 2) = Po(Z(t—s) € dy,do(Z) > t—s) h(y)/h(2).
(=] [ = =
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Theorem

There exists a (time-homogeneous) Markov process Z (), strictly positive on

(0,00), such that the finite-dimensional distributions of Z'**) converge to

those of Z*) as u — co:

ASEORL ZW asu — .

(4)

The process Z'*) is an h-transform of Z with h(z) = 2*1~% and it has the

following transition densities:
fory>0,2>00<t<u

h(y) .
(2)’

P.(Z27(t) € dy) =P.(Z(t) € dy,do(Z) > t)

>

fory>0andz>0and0<s<t
P(ZP(t) e dy| 27 (s) € dz) = P.(Z 7 (t — ) € dy);
forz=0andt>0

Fl-—a) Ay
T(3)T(2 — 0) (act)i—2

PO(Z(+)(t) €dy) =

P((act)/*k € dy).

(5)
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Letting u — oo: h-transform

To see that the function h is a Doob h-transform we need to verify that it is
excessive for the process killed at the hitting time of 0, i.e.,
E. [h(Z(t)); do(Z) > t] 1 h(2) as t | 0. , we note that for any z > 0

h(Z(t)). _ pH)
z h(Z) ) dO(Z) >t = ]Pz [1} S 17 (7)

where Pgﬂ is the probability measure associated with Z) issued from z. As
t 1 0, by Lebesgue's Dominated convergence theorem, we see that
E. [R(Z(t)); do(Z) > t] T h(2) as required.
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Consider the Lamperti transform of Z

s
Z(t)tag(z)>ty = 2efTF)  where 7 i= inf{s > 0 : / ey > 1}, (8)
Since Z hits zero continuously, lim;_,o & = —00

0
The Laplace transform of £ is given by

T(A) :=log <]Ee_>‘5)

I(a+ )
=——ac(l—50+ N a).
ey ac( + M\ a)
Moreover, we find that Ee*'=9¢ = 1, j.e., the Cramer’s constant of £ is
a(1 —9) and also (eo‘(l_‘s)ét) is @ martingale.
t
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The generator of Z and the generator of £ are related through
z

L2f(2) = 27" Loe f(2) = 2~ Lef(log(2)),
where f(z) := f(e?).
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Theorem (Volkonskii's theorem)

The generator of Z and the generator of £ are related through
L7f(z) = 2~ "L f(2) = 27" Le f(log(2)),
where f(z) := f(e?).

Being an h-transform implies that h(Z(t))1¢4,(z)>¢} is a supermartingale. It is
actually a martingale.

Theorem

The process (h(Z(t))1(ay(2)>1}), = (h(zefh(tz_ﬂ)))) is a martingale.
t
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@ From [Bertoin and Doney 1994], as z — oo

P.( max Z(t) > z) = P(zmaxe*™ > z) ~
t<do(Z) t=0

01/02 h(z)
a(l —48) h(z)’
where Cy := —logP(H1 < o0) and Cy := ]E(Hlea(l_‘s)Hl;Hl < 00) with
H being the ascending ladder height process of &.
0 Asx —

Po(Z2P (1) > g) ~ S2(T)

m (OlCt)Jx_ous .
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Following [Noba 2023], we can define the g-scale function of a spectrally
positive process Z as

1/N® |e 9Ty <uz,
= {1 v

y>ax,
for ,y in (0,00); where N is the excursion measure (from x) and T, is the
hitting time of the [0, y].
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Following [Noba 2023], we can define the g-scale function of a spectrally
positive process Z as

1/N® |e™ 9Ty <
W (,y) = {0/ ] vsa

y>ax,
for z,y in (0,00); where N¥ is the excursion measure (from z) and T,
hitting time of the [0, y].

" is the
- ”7(11)(() z)
B, [T < T = 252

W (b,a)
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By [Noba 2023], we see that the g-scale function (Wéq)(x, y))a of Z, for ¢ > 0,
is the unique solution to the Volterra integral equation
f(a) = 2" We(log(y/x)) + 2°'q

) f(z"YWe(log (x'/a:))dw'.

In particular, for the 0-scale function of Z is immediately given by

Wy (z,y) = 2% ' We(log(y/x))
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Scale function for a self-similar CBI

By [Noba 2023], we see that the g-scale function (Wé‘”(m, y))a of Z, for ¢ > 0,
is the unique solution to the Volterra integral equation

F(z) = 22" We(log(y/z)) +2° g /( T Wl )"

In particular, for the 0-scale function of Z is immediately given by

Waz(z,y) = 2 We(log(y/x))

Proposition
The 0-scale function of £ is given by

e—a(l—é)x

We(z) = m/o e w1 — )09y,

e—a(l—é)x(l _

—;v)a . R
T + a)ac(d —9) oFi(a, 1+ a(l—06);14+a;1—€e 7).
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& is a Lévy process hence the scale function satisfies

W (@ —y) = W, (z,y) and / e MW ()da =
0
For ¢ = 0, we compute

.
TN —aq
_ 1 [Y/PA+a) PN (@) ol =)
Welw) =L [ C0=0) Tt ad—0+x @
Finally, recall the Beta function
‘/Ooo e—)\a:(l _ e—z)a—lx _ ?(()‘/\)—I':(g)) .
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Thank you for your attention!
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