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Observations of population dynamics

The data set of Stewart (2005) is the evolution of 88 microcolonies
of E. Coli bacteria cultures.
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Observations of population dynamics

Different cell characteristics may be observed. In the previous
movie:

® age distribution

® size distribution

® size of the 2 daughters cells

® growth rate distribution

® age-at-division distribution

® size-at-division distribution

¢ genealogical influence (inheritance of some traits)...

Question: Can we deduce laws from our observations?
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Direct observations

The exponential growth for Bacteria is now, after much debate,
commonly admitted:

Tt
Xt = xp€'".
70 /
2
3 S+ &
3
)
é 8F &y
¥
7 7L
& Py
) . //Ipu/-es t‘!/wres
5 7 23 =% 5 7 5 3 p
Fi1G. 10. — Phase exponentielle de la croissance d’une

culture de B. coli en milieu synthétique, a 300 mgr
par L. de glucose. Coordonnées semi-logarithmiques.

Fic. 11. — Phase exponentielle de la croissance d’une
culture de B. subtilis en milieu synthétique, avec 500 mgr.
par | de saccharose. Coordonnées semi-logarithmigques.

Figure: Monod’s 1942 thesis on B. Coli culture cells.
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Models assumption:

The division rate B depends on

® size

¢ age (A. Olivier and M. Hoffmann. SPA. 2016.)

® nothing
® the increment of size (Adder model)

® and/or previous elements and/or something else...

®Doumic, Hoffmann, K., Robert, Aymerich et Robert. BMC Biology. 2014.

APPROACH STRUCTURED BY

STATISTICAL ESTI
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Variability among exponential growth rates
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Growth Rate

In a first approach, we ignore variability and assume a constant 7

for all cells.
® Delyon, de Saporta, K., Robert. CSBIGS. 2018.
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The microscopic approach

Initially a singe cell of size xp.

e Exponential growth x; = xpe™.

Two offsprings, at a rate B(x;). Division occurs at time T.

The two offsprings have initial size x7/2

® And so on...
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Figure: Random marked tree
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The microscopic approach (cont.)
X(t) = (X1(t), Xa(t),...) process of the sizes of the population at

time t.
At
Ao 11
boo = bo1
f’l
bo=b1
Wﬂ
So,00. 9 | g . 0shp
Xi(t) = Eooe™(tb0) - Xy(t) = &1e7(E7P) £, the birth

size b, the birth time  (, the life time
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Main probabilistic tools

® Branching property

® Mass (size) conservation:

> Xi(t) = xoe™
i
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The tagged bacterium approach

Pick a cell at random at each division and follow its size x(t)
through time. Inspired from fragmentation processes techniques
(Bertoin, Haas, among others).

v -

4’\

— dboo = bo1

- Lo=ba
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The tagged bacterium approach

Tt

e
X(t) = XOW

where N; is the number of divisions of the tagged bacterium
up to time t.
* x(t) isa PDMP

® This makes it possible to obtain a many-to-one formula.



A many-to-one formula

® Exists in other contexts for Branching Markov processes in a
general setting (e.g. Bansaye et al., 2009, Cloez, 2011).

® \We have,

E[f(x(t)] =E[ 3 xi(t) e: F(Xi()]

X

from which we obtain

o[ (0] =5[> ()]
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Transport-fragmentation equation

The mean empirical distribution

dene(x) + Ox (Txne(x)) + B(x)ne(x) = 4B(2x)ny(2x)

with (ng, f) ;== E[ Y72, £(Xi(t))].
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Two types.

Figure: Cell division binary tree with the type of each cell
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Incorporating the type and variability

To each cell labeled by u, we associate a random growth rate

Ty € [emina emax]-

Conditional on 7,_, the variability is distributed according to
a (nice) Markov kernel

pi(Tu—7 dTu)

for the type i.

The proportion of the mother cell inherited at birth is 8y for
old cells and 6 for young cells.
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Figure: Random marked tree

boo > bot

bo= b1

0shp

£, the size by, the birth time  (, the life time 7, the

growth rate 0, the proportion of the mother size
Xi(t) = &ooe™E7P0)  Zy(t) =70 oo = boboe
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The corresponding many-to-one formula

® The many-to-one formula becomes

Fx(®),2(0).P(t) v o0
E {(Nx(t)xoev(t)] =E| % F(Xi(1), Zi(2), Pi(1)) |
where Z(t) is the instantaneous growth rate, V(t)
accumulated growth rate and P(t) type of the tagged

bacterium.
o (x(t), Z(t), P(t)) is a PDMP
® \We then have the representation

x(t) = xe" 095 9% (1)

with C? the number of divisions resulting in a bacterium with
a old pole and C} the one with a new pole.
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What of the transport-fragmentation PDE?

The mean empirical distribution

den(t,x, v, i) + v Oy (xn(t, x, v, i)) + B(x)n(t, x, v, i)
= Jo 25D po (v, dv)B(x/bo)n(t, x /b0, v, i)

—|—fg (b(xéi‘lg/’l)pl(v, dv')B(x/01)n(t, x/01,dv', i),

n(0,x,v,i) = n@(x,v,i),x > 0.

with
(n(t,),6) = B D 6(Xi(£), Zi(1), Pi(1))] for every ¢ € C§(S)
i=1

and n;(t, x, v) the density of n;(t, dx, dv).
®K., Proceedings of IWBPA24
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Statistical estimation without the type

The dynamic is determined by the division rate B(x) and the
variability kernel p(a, da’) (and an initial condition (&g, 79).)

Observation scheme

{(£U7 CU77—u)7 uc Z/{n}

with
tU,=n

Asymptotics taken as n — oo.

We want to estimate nonparametrically x ~» B(x).
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Statistical estimation without the type
® We have

P(Cy € [t t+ dt]|Cu > t, &y = x) = B(xe™")dt

from which we obtain the density of the lifetime (,—
conditional on £, = x and 7,_ = a:

t ~ B(xe®") exp ( - /Ot B(xe"")dv).

® Using 2&, =&,- exp (Tufguf), we further infer

Pe((x,a),x', da")dx’
B(2x )

Xl

1{x’>x/2} exp ( //2 Bg2vv) dV) (a, da’).
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|dentifying B through the invariant measure
® Under some assumptions, we have existence (and uniqueness)
of an invariant measure on §
ve(dx) = vg(x, da)dx

i.e. such that vgPg = vp.

® More precisely, we have a contraction property

sup [Phg(x) - / g(2)vs(dz)| < RV(x)7*
{59 S

uniformly in B € F*(c), p € M(pmin), for an appropriate
Lyapunov function V.
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|dentifying B through the invariant measure

VB(.ya da/)
— / ve(x, da)dx Pg((x, a), y, da’)
S

2y y /
_ B // vg(x, da)dx exp ( —/ B(fvv) dv) pla, da )
y gJo x/2

a

“Survival analysis trick”
y 00 v ,
oo ([ P = [ Ben(— [ av)ar
X y X

and Pp appears on the RHS again...
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|dentifying B through the invariant measure
® We obtain

B(2y) 2y
VB(ya / y // X da

/00 B(2v) exp( / BCY) gy/) dy p(a, dd’)
y av X/2 av’/

a
_B(2y)// 1 3_1
y S [0,00) {X§2y7‘/2y}

vg(x,da)dx Pg((x, a), v, da’)dv.

® Integrating (in da’) yields the key representation

ve(y) = 22, [ 11

y {§J§2y, §u2y}}



CELL DIVISION ODELS: PRESENTATION OF THE 10DEI [HE 11¢ SCOPIC APPROACH STRUCTURED BY SIZE STATISTICAL ESTIM!

Key representation

® \We conclude

Y ve(y/2)
Bly) =75 .

1 .
Evg |7~ Lier <y, suzy/z}]

® Final estimator

P e, Kn(€o — v/2)
vet 7 He, < .6, >y /2y VF

~

Boy) =% — >

is specified a kernel function K, the bandwidth h and the
threshold w.
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Proposition
Work under the previous assumptions. Specify

hy = con*/ st 5 = (In(n)) L.

We have

o) 1/2 —s s
Ep[l1Bn — Bll32p)] % < (In(n))n=/0422)

uniformly in B € F N H*(D) .

& Doumic, Hoffmann, K., Robert. Bernoulli. 2015.
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Figure: 100 Monte-Carlo estimations, dense tree case. Target function
217 and ¢ = n'/2.

B(x) = x, 7 = 1. Reconstruction for n =
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The goal is to generalize what precedes to stick even more to the
reality

® take into account the difference between "young” and "old"
poles

® allow that division does not give 2 bacteria of the same size

This is a work in progress with Bertrand Cloez, Benoite de Saporta
and Tristan Roget.
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We obtain an adaptive estimator 4, of the invariant probability.

To estimate the jump rate, we construct a quotient estimator. Let
us consider the estimator

N _ Prgy)
where
. 1 1 ]
Baly) == 3" ~1{6d,- <y <, pu =}
J

uel
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Numerical implementation
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Figure: In red the estimated invariant probability and in blue the
estimated division rate. On the left for the old cell and on the right for
the young.
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